Chapter 4

Calculus in R"

4.1 Linear maps

Definition 4.1. Suppose V and W are real vector spaces.
1. A function f:V = W is called a linear mapping if
flawy + Poz) = af(v1) + Bf(v2)
for all a, B € R and v,v9 € V.

2. A linear mapping f: V — W is called bounded if there is some con-
stant C' > 0 such that ||f(v)|| < C for all v € V such that ||v|| = 1.
The set of all bounded linear mappings V. — W is denoted by B(V; W).

3. Suppose f: V — W is a bounded linear mapping. The operator norm
of f is defined by

11 = sup{[[f ()| | lv]| = 1}
Example 4.2.

1. All linear functions R™ — R™ are bounded.

2. Let U C R be open. The function f — [’ is a bounded linear mapping
CY(U) — C%U). What is the operator norm of this mapping?

3. Let w: [a,b] — R be a continuous function. The function

U /b u(t)w(t)dt
99
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is a bounded linear mapping C°([a,b]) — R. What is the operator
norm of this mapping?

Remark 4.3. All linear mappings in B(R™,R™) take the form f(z) = Mz,
where M is a m X n matriz. Here we make use of the standard bases of

the Cartesian spaces. In these motes we slightly abuse notation, writing
M € B(R™,R™).

Proposition 4.4. Suppose V and W are real vector spaces and that f: V —
W is linear. Then f is continuous if and only if f is bounded.

Proof. Suppose f: V — W is continuous, and in particular continuous at
0 € V. Since f(0) = 0, there exists § > 0 such that if ||v|| < § then
|f(v)|| < 1. Let v € V be such that ||v|| = 1. Then ||5v|| < ¢ and thus

o=l (o)«

By linearity, this is equivalent to ||f(v)|| < 26. Thus we see that f is
bounded.

Suppose now that f is bounded, with | f(v)|| < C for all v € V with
|lv]| = 1. For any distinct vy, vy € V we have

1£(0n) = Foa)ll = £ (o1 — )
~ for =l |7 (2222 < Cln =

Thus f is Lipschitz continuous. O

Proposition 4.5. Suppose V and W are Banach spaces. Then B(V, W) is
a Banach space relative to the operator norm.

Proof. 1t is straightfoward to see that B(V,W) is a vector space. To see
that it is complete, let {f,}°2; be a Cauchy sequence in B(V, W).

Let ¢ > 0 and fix v € V\ {0}. Then there exists N € N such that when
n,m > N we have || f, — fm|| < &/||v||. Thus

o= ) (1) = WA = ol <

Thus {f,(v)}52, is a Cauchy sequence in W, and therefore converges to
some w € W. We define f: V — W by f(v) =

[fn () = fm (W)l = o]
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We claim that the map f is linear. To see this, let v;,v3 € V and
at, a9 € R. For any n € N we have

[f(1v1 + ague) — a1 f(v1) — az f(va)]|
< || fla1v1 + agu2) — fr(aqvr + azvs)]

+ leal[ fn(v1) = f(o1)|| + [eall| fa(v2) = f(v2)]].
Since the limit of the right side is zero, we see that
flaavr + aguz) = aq f(v1) + az f(v2).

To see that f,, — f with respect to the operator norm, fix € > 0 and let
N € N such that n,m > N imply || fn, — fm|l < &/2. We claim that if n > N
then ||f — full <e.

To see this, consider v € V. For every m > N we have

1 () = fu ()l < [[f (0) = fn(0)]] + [[fm(v) = Fa(0)| < [ (v) = fi(0)]| + g
Since || f(v) — fm(v)|| — 0 as m — oo, it must be that

1 () = fa()]l <

Since this last estimate holds for each v, and since n was chosen independent
of v, we have established that

| ™

If = full <e

for all n > N. Thus f, — f with respect to the operator norm.
Finally, we now that convergence with respect to the operator norm
implies that f is bounded. Thus B(V,W) is indeed a Banach space. O

Example 4.6. Let U C R". Then C°(U; B(R";R™)) is a Banach space.

4.2 Differentiation

Definition 4.7. Let U C R™ be open. A function f: U — R™ is differen-
tiable at x € U if there exists M € B(R™;R™) such that

i M@ +y) = fl@) = Myl _

y—0 [yl

If f is differentiable at each x € U then we simply say that f: U — R™ 1is
differentiable.
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Lemma 4.8. Suppose U C R™ is open and f: U — R™ is differentiable at
each x € U. Then there exists only one linear function L: R™ — R™ such

that M
o W@t 9) = @) =Myl
y—0 Iyl

Thus x — M is a function U — B(R™;R™), which we denote by Df.

Proof. The proof is identical to the proof in the one-dimensional setting. [

Definition 4.9. Suppose U C R" is open and f: U — R™ 1is differentiable.
We say that f is continuously differentiable, and write f € CY(U), if
the function x — Df(x) is a continuous map U — B(R";R™).

Lemma 4.10. Suppose U C R" is open and f,g: U — R™ are differentiable
at x € U. Then

1. f is continuous at x;
2. f+ g is differentiable at x, with D(f + g)(z) = Df(x) + Dg(x); and

3. for each a € R the function af is differentiable at x with D(af)(x) =
aDf(z).

Proof. Suppose zp — x in R”; we write x; = x + y; such that y, — 0. By
f being differentiable, we see that

1 f(x +yr) — f(x) — Myg|| — 0.

This easily implies that

If (x) = f(@)] =0,

and thus that f is continuous at z.
The linearity of f — Df follows immediately from the definitions in-
volved. O

Proposition 4.11 (The chain rule). Suppose U C R™ and V' C R™ are
open. Suppose also that g: U — V is differentiable at x., and that f: V —
R! is differentiable at y, = g(xy). Then fog: U — Rl is differentiable at x.
with D(f o g)(zx) = Df(y«) o Dg(x).
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Proof. Let € > 0. Let 4 > 0 be such that whenever y € R satisfies ||y| < p
then

lyll.

13
1 (ys +y) = f(ye) = Df(y)yll < 2(1+ [[Dg(z4)])

Let 05 > 0 be such that if 2 € R" satisfies ||x| < dy, then x, + 2 € U and
llg(zs +2) — g(x4)|| < p. Thus if ||z]| < ¢ then

[ f(g(@s +2)) = fg(ws) = Df(y:)(g(@s + 2) — g(z4))]]

5
2(14 || Dg(x

Using the differentiability of g, fix d; > 0 such that ||z|| < ¢; implies
T« +x € U and

lg(ze + 2) — g(s) = Dg(z)z| < ||z[.
Thus if ||z]| < 01 we have
l9(xs + ) — g(z)l| < (1 + [|Dg ()]

Thus if ||z|| < min(d1,d¢) we have

1 (9(xs +2)) = fg(s) = Df(y)(g(2s + 2) — g(22))]| < ngH.

The differentiability of g also implies that there exists 6, > 0 such that
if ||z|| < 04 then z, + 2z € U and

l9(xs + ) = g(2+) — Dg(a.)z|| < 2\|Df( ™ [l]]-

Thus if ||z < d,4 then

1D f(y)(g(z« + x) — g(zs) — Dg(as)z)|| < %llwll-

Suppose now that € R™ is such that ||z|| < min(dy,dg,d1). Then from
the triangle inequality and the estimates above we have

1f(g(z« +2)) = f(g(z+) — Df(y«)Dg(.)||
< Nf(g(@s +2)) — f(g(x4) = Df(y:)(g(ws +2) — g()) ]
+ 1D f(y<)(g(z« + x) — g(zs) — Dg(zs)z)|| < el

This implies the desired result. O
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Definition 4.12. Let U C R” be open and x = (z!,...,2") € U. A function
f:U —= R™ is called partially differentiable at x if for 1 < j < n the

functionsy — f(xt, ... 27 2l4y, 27t 2™) are differentiable aty = 0.
These derivatives are called the partial derivatives of f and are denoted
9 f ().

If f is partially differentiable at each © € U, then we say that f is
partially differentiable.

Theorem 4.13 (Partial derivative theorem). Let U C R"™ be open.

1. A function f: U — R™ is continuously differentiable if and only if it
is partially differentiable with all partial derivatives continuous.

2. If f: U — R™ is continuously differentiable, then for each x € U and
v=(vl,...,v") € R" we have

Df(x)v = o f(z)v 4 -+ Oy f ()™

Proof. Suppose that f: U — R™ is continuously differentiable. Fix z =
(z',...,2") € U and integer j with 1 < j < n. For y € R, define z(y) € R"
by

1

z(y) = (z4, ..., 277t

j j+1 n
yx! oy, d T 2.

If y is sufficiently small, then x(y) € U. Thus we can apply the chain rule to
f(z(y)), deducing that f is partially differentiable. That f is continuously
differentiable implies that the partial derivatives are each continuous.
Suppose now that f is partially differentiable with continuous partial
derivatives. Fix x = (2!,...,2") € U and choose d; € (0,1) such that
Bs(x) C U. Suppose y = (y',...,y") € Bs(0), so that x +y € U. We have

fla+y) = flz) = fla' +y' 2% .. 2"
— f2t, ... 2"
+ flat oyt 2t 223, 2™

—f($1+y1,$2,$3,...,$n)

@y ey T )
_f(l,l_'_yl’."’xn—l_'_yn—l’l‘n).
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Let € > 0. By f being partially differentiable, there exists oy € (0, 1) such
that if ||y|| < 07 then for each 1 < j < n we have

Ifx' + oyt g Tl oy 2T )
- f(xl + yl, cee 7:Ej_1 + yj_lvxja :Ej+17 s 7xn)
—Oif(xt +yt, .2l T T ey
<1y < oyl
4n — 2n
Finally, the continuity of the partial derivatives implies that we may choose
dp € (0,9y) such that for each 1 < j <n we have

. . . . I
||8jf($1+y1,...,:nj Lyl l,x],:rzj+1,...,:1:”)—ﬁjf(:nl,...,a:")ﬂ < .

Assembling these estimates, we find that

1f(x+y) = f(z) = f(x)y' = = Buf(@)y"| <ellyl-
Thus f is differentiable with

Df(z)y = 0f(x)y' + -+ Onf(z)y"

Since the partial derivatives are each continuous in z, we see that x — D f(x)
is continuous as well.

Finally, we note that in the course of establishing the first claim we have
also established the second. O

Remark 4.14. The definitions and results of this section remain valid if
the Cartesian spaces are replaced by Banach spaces. See, for example, the
discussion in the monograph Postmodern Analysis by Jirgen Jost.



